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tIn this paper we develop a randomized blo
k-
oordinate des
ent method for minimizing thesum of a smooth and a simple nonsmooth blo
k-separable 
onvex fun
tion and prove that itobtains an ǫ-a

urate solution with probability at least 1 − ρ in at most O(n
ǫ
log 1

ρ
) iterations,where n is the number of blo
ks. For strongly 
onvex fun
tions the method 
onverges linearly.This extends re
ent results of Nesterov [E�
ien
y of 
oordinate des
ent methods on huge-s
aleoptimization problems, CORE Dis
ussion Paper #2010/2℄, whi
h 
over the smooth 
ase, to
omposite minimization, while at the same time improving the 
omplexity by the fa
tor of 4 andremoving ǫ from the logarithmi
 term. More importantly, in 
ontrast with the aforementionedwork in whi
h the author a
hieves the results by applying the method to a regularized versionof the obje
tive fun
tion with an unknown s
aling fa
tor, we show that this is not ne
essary,thus a
hieving true iteration 
omplexity bounds. In the smooth 
ase we also allow for arbitraryprobability ve
tors and non-Eu
lidean norms. Finally, we demonstrate numeri
ally that thealgorithm is able to solve huge-s
ale ℓ1-regularized least squares and support ve
tor ma
hineproblems with a billion variables.Keywords: Blo
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ent, iteration 
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onvex optimization problems with some or all of these (not ne
essarily distin
t) properties:
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1. Size of Data. The size of the problem, measured as the dimension of the variable of interest,is so large that the 
omputation of a single fun
tion value or gradient is prohibitive. Thereare several situations in whi
h this is the 
ase, let us mention two of them.
• Memory. If the dimension of the spa
e of variables is larger than the available memory,the task of forming a gradient or even of evaluating the fun
tion value may be impossibleto exe
ute and hen
e the usual gradient methods will not work.
• Patien
e. Even if the memory does not pre
lude the possibility of taking a gradient step,for large enough problems this step will take 
onsiderable time and, in some appli
ationssu
h as image pro
essing, users might prefer to see/have some intermediary results beforea single iteration is over.2. Nature of Data. The nature and stru
ture of data des
ribing the problem may be an obsta
lein using 
urrent methods for various reasons, in
luding the following.
• Completeness. If the data des
ribing the problem is not immediately available in itsentirety, but instead arrives in
omplete in pie
es and blo
ks over time, with ea
h blo
k�
orresponding to� one variable, it may not be realisti
 (for various reasons su
h as�memory� and �patien
e� des
ribed above) to wait for the entire data set to arrive beforethe optimization pro
ess is started.
• Sour
e. If the data is distributed on a network not all nodes of whi
h are equallyresponsive or fun
tioning, it may be ne
essary to work with whatever data is availableat a given time.It appears that a very reasonable approa
h to solving some problems 
hara
terized above is touse (blo
k) 
oordinate des
ent methods (CD). In the remainder of this se
tion we mix arguments insupport of this 
laim with a brief review of the relevant literature and an outline of our 
ontributions.1.1 Blo
k Coordinate Des
ent MethodsThe basi
 algorithmi
 strategy of CD methods is known in the literature under various names su
has alternating minimization, 
oordinate relaxation, linear and non-linear Gauss-Seidel methods,subspa
e 
orre
tion and domain de
omposition. As working with all the variables of an optimizationproblem at ea
h iteration may be in
onvenient, di�
ult or impossible for any or all of the reasonsmentioned above, the variables are partitioned into manageable blo
ks, with ea
h iteration fo
usedon updating a single blo
k only, the remaining blo
ks being �xed. Both for their 
on
eptual andalgorithmi
 simpli
ity, CD methods were among the �rst optimization approa
hes proposed andstudied in the literature (see [1℄ and the referen
es therein; for a survey of blo
k CD methods insemide�nite programming we refer the reader to [24℄). While they seem to have never belongedto the mainstream fo
us of the optimization 
ommunity, a renewed interest in CD methods wassparked re
ently by their su

essful appli
ation in several areas�training support ve
tor ma
hinesin ma
hine learning [5, 3, 17, 28℄, optimization [9, 23, 21, 20, 30, 16, 13, 25℄, 
ompressed sensing[8℄, regression [27℄, protein loop 
losure [2℄ and truss topology design [15℄�partly due to a 
hangein the size and nature of data des
ribed above.
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Order of 
oordinates. E�
ien
y of a CD method will ne
essarily depend on the balan
e betweentime spent on 
hoosing the blo
k to be updated in the 
urrent iteration and the quality of this 
hoi
ein terms of fun
tion value de
rease. One extreme possibility is a greedy strategy in whi
h the blo
kwith the largest des
ent or guaranteed des
ent is 
hosen. In our setup su
h a strategy is prohibitiveas i) it would require all data to be available and ii) the work involved would be ex
essive due tothe size of the problem. Even if one is able to 
ompute all partial derivatives, it seems better tothen take a full gradient step instead of a 
oordinate one, and avoid throwing almost all of the
omputed information away. On the other end of the spe
trum are two very 
heap strategies for
hoosing the in
umbent 
oordinate: 
y
li
 and random. Surprisingly, it appears that 
omplexityanalysis of a 
y
li
 CD method in satisfying generality has not yet been done. The only attemptknown to us is the work of Saha and Tewari [16℄; the authors 
onsider the 
ase of minimizing asmooth 
onvex fun
tion and pro
eed by establishing a sequen
e of 
omparison theorems betweenthe iterates of their method and the iterates of a simple gradient method. Their result requires anisotoni
ity assumption. Note that a 
y
li
 strategy assumes that the data des
ribing the next blo
kis available when needed whi
h may not always be realisti
. The situation with a random strategyseems better; here are some of the reasons:(i) Re
ent e�orts suggest that 
omplexity results are perhaps more readily obtained for random-ized methods and that randomization 
an a
tually improve the 
onvergen
e rate [18, 6, 17℄.(ii) Choosing all blo
ks with equal probabilities should, intuitively, lead to similar results as is the
ase with a 
y
li
 strategy. In fa
t, a randomized strategy is able to avoid worst-
ase order of
oordinates, and hen
e might be preferable.(iii) Randomized 
hoi
e seems more suitable in 
ases when not all data is available at all times.(iv) One may study the possibility of 
hoosing blo
ks with di�erent probabilities (we do this inSe
tion 4). The goal of su
h a strategy may be either to improve the speed of the method (inSe
tion 6.1 we introdu
e a speedup heuristi
 based on adaptively 
hanging the probabilities),or a more realisti
 modeling of the availability frequen
ies of the data de�ning ea
h blo
k.Step size. On
e a 
oordinate (or a blo
k of 
oordinates) is 
hosen to be updated in the 
urrentiteration, partial derivative 
an be used to drive the steplength in the same way as it is done in theusual gradient methods. As it is sometimes the 
ase that the 
omputation of a partial derivative ismu
h 
heaper and less memory demanding than the 
omputation of the entire gradient, CD methodsseem to be promising 
andidates for problems des
ribed above. It is important that line sear
h, ifany is implemented, is very e�
ient. The entire data set is either huge or not available and hen
eit is not reasonable to use fun
tion values at any point in the algorithm, in
luding the line sear
h.Instead, 
heap partial derivative and other information derived from the problem stru
ture shouldbe used to drive su
h a method.1.2 Problem Des
ription and Our ContributionThe problem. In this paper we study the iteration 
omplexity of simple randomized blo
k 
oor-dinate de
ent methods applied to the problem of minimizing a 
omposite obje
tive fun
tion, i.e., afun
tion formed as the sum of a smooth 
onvex and a simple nonsmooth 
onvex term:
min
x∈RN

F (x)
def
= f(x) + Ψ(x). (1)3



We assume that this problem has a minimum (F ∗ > −∞), f has (blo
k) 
oordinate Lips
hitzgradient, and Ψ is a (blo
k) separable proper 
losed 
onvex extended real valued fun
tion (theseproperties will be de�ned pre
isely in Se
tion 2). Possible 
hoi
es of Ψ in
lude:(i) Ψ ≡ 0. This 
overs the 
ase of smooth minimization. Complexity results are given in [13℄.(ii) Ψ is the indi
ator fun
tion of a blo
k-separable 
onvex set (su
h as a box). This 
hoi
e modelsproblems with 
onstraints on blo
ks of variables; iteration 
omplexity results are given in [13℄.(iii) Ψ(x) ≡ λ‖x‖1 for λ > 0. In this 
ase we 
an de
ompose R
N onto N blo
ks. In
reasing

λ en
ourages the solution of (1) to be sparser [26℄. Appli
ations abound in, for instan
e,ma
hine learning [3℄, statisti
s [19℄ and signal pro
essing [8℄.(iv) There are many more 
hoi
es su
h as the elasti
 net [31℄, group lasso [29, 10, 14℄ and sparsegroup lasso [4℄.Iteration 
omplexity results. Strohmer and Vershynin [18℄ have re
ently proposed a random-ized Kar
zmarz method for solving overdetermined 
onsistent systems of linear equations and provedthat the method enjoys global linear 
onvergen
e whose rate 
an be expressed in terms of the 
ondi-tion number of the underlying matrix. The authors 
laim that for 
ertain problems their approa
h
an be more e�
ient than the 
onjugate gradient method. Motivated by these results, Leventhaland Lewis [6℄ studied the problem of solving a system of linear equations and inequalities and in thepro
ess gave iteration 
omplexity bounds for a randomized CD method applied to the problem ofminimizing a 
onvex quadrati
 fun
tion. In their method the probability of 
hoi
e of ea
h 
oordinateis proportional to the 
orresponding diagonal element of the underlying positive semide�nite matrixde�ning the obje
tive fun
tion. These diagonal elements 
an be interpreted as Lips
hitz 
onstantsof the derivative of a restri
tion of the quadrati
 obje
tive onto one-dimensional lines parallel to the
oordinate axes. In the general (as opposed to quadrati
) 
ase 
onsidered in this paper (1), theseLips
hitz 
onstants will play an important role as well. Lin et al. [3℄ derived iteration 
omplex-ity results for several smooth obje
tive fun
tions appearing in ma
hine learning. Shalev-S
hwarzand Tewari [17℄ proposed a randomized 
oordinate des
ent method with uniform probabilities forminimizing ℓ1-regularized smooth 
onvex problems. They �rst transform the problem into a box
onstrained smooth problem by doubling the dimension and then apply a 
oordinate gradient de-s
ent method in whi
h ea
h 
oordinate is 
hosen with equal probability. Nesterov [13℄ has re
entlyanalyzed randomized 
oordinate des
ent methods in the smooth un
onstrained and box-
onstrainedsetting, in e�e
t extending and improving upon some of the results in [6, 3, 17℄ in several ways.While the asymptoti
 
onvergen
e rates of some variants of CD methods are well understood[9, 23, 21, 20, 30℄, iteration 
omplexity results are very rare. To the best of our knowledge, ran-domized CD algorithms for minimizing a 
omposite fun
tion have been proposed and analyzed (inthe iteration 
omplexity sense) in a few spe
ial 
ases only: a) the un
onstrained 
onvex quadrati

ase [6℄, b) the smooth un
onstrained (Ψ ≡ 0) and the smooth blo
k-
onstrained 
ase (Ψ is theindi
ator fun
tion of a dire
t sum of boxes) [13℄ and 
) the ℓ1-regularized 
ase [17℄. As the approa
hin [17℄ is to rewrite the problem into a smooth box-
onstrained format �rst, the results of [13℄ 
anbe viewed as a (major) generalization and improvement of those in [17℄ (the results were obtainedindependently). 4



Contribution. In this paper we further improve upon and extend and simplify the iteration
omplexity results of Nesterov [13℄, treating the problem of minimizing the sum of a smooth 
onvexand a simple nonsmooth 
onvex blo
k separable fun
tion (1). We fo
us ex
lusively on simple(as opposed to a

elerated) methods. The reason for this is that the per-iteration work of thea

elerated algorithm in [13℄ on huge s
ale instan
es of problems with sparse data (su
h as theGoogle problem where sparsity 
orresponds to ea
h website linking only to a few other websitesor the sparse problems we 
onsider in Se
tion 6) is ex
essive. In fa
t, even the author does notre
ommend using the a

elerated method for solving su
h problems; the simple methods seem tobe more e�
ient.Ea
h algorithm of this paper is supported by a high probability iteration 
omplexity result. Thatis, for any given 
on�den
e level 0 < ρ < 1 and error toleran
e ǫ > 0, we give an expli
it expressionfor the number of iterations k whi
h guarantee that the method produ
es a random iterate xk forwhi
h
P(F (xk)− F ∗ ≤ ǫ) ≥ 1− ρ.Table 1 summarizes the main 
omplexity results of this paper. Algorithm 2�Uniform (blo
k)Coordinate Des
ent for Composite fun
tions (UCDC)�is a method where at ea
h iteration theblo
k of 
oordinates to be updated (out of a total of n ≤ N blo
ks) is 
hosen uniformly at random.Algorithm 3�Randomized (blo
k) Coordinate Des
ent for Smooth fun
tions (RCDS)�is a methodwhere at ea
h iteration blo
k i ∈ {1, . . . , n} is 
hosen with probability pi. Both of these methodsare spe
ial 
ases of the generi
 Algorithm 1; Randomized (blo
k) Coordinate Des
ent for Compositefun
tions (RCDC).Algorithm Obje
tive ComplexityAlgorithm 2 (UCDC)(Theorem 4) 
onvex
omposite 2nmax{R2

L
(x0),F (x0)−F∗}

ǫ
(1 + log 1

ρ
)

2nR2

L
(x0)

ǫ
log

(

F (x0)−F∗

ǫρ

)Algorithm 2 (UCDC)(Theorem 7) strongly 
onvex
omposite max{ 4
µ
, µ

µ−1
}n log

(

F (x0)−F∗

ρǫ

)Algorithm 3 (RCDS)(Theorem 11) 
onvexsmooth 2R2

LP−1
(x0)

ǫ
(1 + log 1

ρ
)− 2Algorithm 3 (RCDS)(Theorem 12) strongly 
onvexsmooth 1

µ
log

(

f(x0)−f∗

ǫρ

)

Table 1: Summary of 
omplexity results obtained in this paper.The symbols P,L,R2
W (x0) and µ appearing in Table 1 will be de�ned pre
isely in furtherse
tions. For now it su�
es to say that L en
odes the (blo
k) 
oordinate Lips
hitz 
onstantsof the gradient of f , P en
odes the probabilities {pi}, R2

W (x0) is a measure of distan
e of the initialiterate x0 from the set of minimizers of the problem (1) in a norm de�ned by W (see Se
tion 2) and
µ is the strong 
onvexity parameter of F (see Se
tion 3.2). In the nonsmooth 
ase µ depends on Land the smooth 
ase it depends both on L and P .Let us now brie�y outline the main similarities and di�eren
es between our results and those in[13℄. A more detailed and expanded dis
ussion 
an be found in Se
tion 5.5



1. Composite setting. We 
onsider the 
omposite setting (1), whereas [13℄ 
overs the un
on-strained and 
onstrained smooth setting only.2. No need for regularization. Nesterov's high probability results in the 
ase of minimizinga fun
tion whi
h is not strongly 
onvex are based on regularizing the obje
tive to make itstrongly 
onvex and then running the method on the regularized fun
tion. Our 
ontributionhere is that we show that no regularization is needed by doing a more detailed analysis usinga thresholding argument (Theorem 1).3. Better 
omplexity. Our 
omplexity results are better by the 
onstant fa
tor of 4. Also, wehave removed ǫ from under the logarithm.4. General probabilities. Nesterov 
onsiders probabilities pi proportional to Lα
i , where α ≥ 0is a parameter. High probability results are proved in [13℄ for α ∈ {0, 1} only. Our results inthe smooth 
ase hold for an arbitrary probability ve
tor p.5. General norms. Nesterov's expe
tation results (Theorems 1 and 2) are proved for generalnorms. However, his high probability results are proved for Eu
lidean norms only. In ourapproa
h all results hold for general norms.6. Simpli�
ation. Our analysis is more 
ompa
t.In the numeri
al experiments se
tion we fo
us on sparse ℓ1-regularized regression and supportve
tor ma
hine problems. For these problems we introdu
e a powerful speedup heuristi
 basedon adaptively 
hanging the probability ve
tor throughout the iterations (Se
tion 6.1; �speedup byshrinking�).Contents. This paper is organized as follows. We start in Se
tion 2 by de�ning basi
 notation,des
ribing the blo
k stru
ture of the problem, stating assumptions and des
ribing the generi
 ran-domized blo
k-
oordinate des
ent algorithm (RCDC). In Se
tion 3 we study the performan
e of auniform variant (UCDC) of RCDC as applied to a 
omposite obje
tive fun
tion and in Se
tion 4we analyze a smooth variant (RCDS) of RCDC; that is, we study the performan
e of RCDC ona smooth obje
tive fun
tion. In Se
tion 5 we 
ompare known 
omplexity results for CD methodswith the ones established in this paper. Finally, in Se
tion 6 we demonstrate the e�
ien
y of themethod on ℓ1-regularized sparse regression and linear support ve
tor ma
hine problems.2 Assumptions and the AlgorithmBlo
k stru
ture. We model the blo
k stru
ture of the problem by de
omposing the spa
e R

Ninto n subspa
es as follows. Let U ∈ R
N×N be a 
olumn permutation of the N × N identitymatrix and further let U = [U1, U2, . . . , Un] be a de
omposition of U into n submatri
es, with Uibeing of size N × Ni, where ∑

iNi = N . Clearly, any ve
tor x ∈ R
N 
an be written uniquely as

x =
∑

i Uix
(i), where x(i) = UT

i x ∈ Ri ≡ R
Ni . Also note that

UT
i Uj =

{

Ni ×Ni identity matrix, if i = j,

Ni ×Nj zero matrix, otherwise. (2)6



For simpli
ity we will write x = (x(1), . . . , x(n))T . We equip Ri with a pair of 
onjugate Eu
lideannorms:
‖t‖(i) = 〈Bit, t〉

1/2, ‖t‖∗(i) = 〈B−1
i t, t〉1/2, t ∈ Ri, (3)where Bi ∈ R

Ni×Ni is a positive de�nite matrix and 〈·, ·〉 is the standard Eu
lidean inner produ
t.Example 1. Let n = N , Ni = 1 for all i and U = [e1, e2, . . . , en] be the n × n identity matrix.Then Ui = ei is the i-th unit ve
tor and x(i) = eTi x ∈ Ri = R is the i-th 
oordinate of x. Also,
x =

∑

i eix
(i). If we let Bi = 1 for all i, then ‖t‖(i) = ‖t‖∗(i) = |t| for all t ∈ R.Smoothness of f . We assume throughout the paper that the gradient of f is blo
k 
oordinate-wise Lips
hitz, uniformly in x, with positive 
onstants L1, . . . , Ln, i.e., that for all x ∈ R

N , t ∈ Riand i we have
‖∇if(x+ Uit)−∇if(x)‖

∗
(i) ≤ Li‖t‖(i), (4)where

∇if(x)
def
= (∇f(x))(i) = UT

i ∇f(x) ∈ Ri. (5)An important 
onsequen
e of (4) is the following standard inequality [11℄:
f(x+ Uit) ≤ f(x) + 〈∇if(x), t〉+

Li

2 ‖t‖
2
(i). (6)Separability of Ψ. We assume that Ψ is blo
k separable, i.e., that it 
an be de
omposed asfollows:

Ψ(x) =

n
∑

i=1

Ψi(x
(i)), (7)where the fun
tions Ψi : Ri → R are 
onvex and 
losed.The algorithm. Noti
e that an upper bound on F (x + Uit), viewed as a fun
tion of t ∈ Ri, isreadily available:

F (x+ Uit)
(1)
= f(x+ Uit) + Ψ(x+ Uit)

(6)
≤ f(x) + Vi(x, t) + Ci(x), (8)where

Vi(x, t)
def
= 〈∇if(x), t〉+

Li

2 ‖t‖
2
(i) +Ψi(x

(i) + t) (9)and
Ci(x)

def
=

∑

j 6=i

Ψj(x
(j)). (10)We are now ready to des
ribe the generi
 method. Given iterate xk, Algorithm 1 pi
ks blo
k

ik = i ∈ {1, 2, . . . , n} with probability pi > 0 and then updates the i-th blo
k of xk so as tominimize (exa
tly) in t the upper bound (8) on F (xk+Uit). Note that in 
ertain 
ases it is possibleto minimize F (xk + Uit) dire
tly; perhaps in a 
losed form. This is the 
ase, for example, when fis a 
onvex quadrati
.The iterates {xk} are random ve
tors and the values {F (xk)} are random variables. Clearly,
xk+1 depends only on xk. As our analysis will be based on the (expe
ted) per-iteration de
rease ofthe obje
tive fun
tion, the results will hold even if we repla
e Vi(xk, t) by F (xk+Uit) in Algorithm 1.7



Algorithm 1 RCDC(p, x0) (Randomized Coordinate Des
ent for Composite Fun
tions)for k = 0, 1, 2, . . . doChoose ik = i ∈ {1, 2, . . . , n} with probability pi

T (i)(xk)
def
= argmin{Vi(xk, t) : t ∈ Ri}

xk+1 = xk + UiT
(i)(xk)end forGlobal stru
ture. For �xed positive s
alars w1, . . . , wn let W = Diag(w1, . . . , wn) and de�ne apair of 
onjugate norms in R

N by
‖x‖W =

[

n
∑

i=1

wi‖x
(i)‖2(i)

]1/2

, (11)
‖y‖∗W = max

‖x‖W≤1
〈y, x〉 =

[

n
∑

i=1

w−1
i (‖y(i)‖∗(i))

2

]1/2

. (12)In the the subsequent analysis we will use W = L (Se
tion 3) and W = LP−1 (Se
tion 4), where
L = Diag(L1, . . . , Ln) and P = Diag(p1, . . . , pn).The set of optimal solutions of (1) is denoted by X∗ and x∗ is any element of that set. De�ne

RW (x) = max
y

max
x∗∈X∗

{‖y − x∗‖W : F (y) ≤ F (x)},whi
h is a measure of the size of the level set of F given by x. In most of the results in this paperwe will need to assume that RW (x0) is �nite for the initial iterate x0 and W = L or W = LP−1.A te
hni
al result. The next simple result is the main te
hni
al tool enabling us to simplify andimprove the 
orresponding analysis in [13℄. It will be used with ξk = F (xk)− F ∗.Theorem 1. Let ξ0 > 0 be a 
onstant, 0 < ǫ < ξ0, and 
onsider a nonnegative nonin
reasingsequen
e of (dis
rete) random variables {ξk}k≥0 with one of the following properties:(i) E[ξk+1 | ξk] ≤ ξk −
ξ2
k

c , for all k, where c > 0 is a 
onstant,(ii) E[ξk+1 | ξk] ≤ (1− 1
c )ξk, for all k su
h that ξk ≥ ǫ, where c > 1 is a 
onstant.Choose 
on�den
e level ρ ∈ (0, 1). If property (i) holds and we 
hoose ǫ < c and

K ≥ c
ǫ (1 + log 1

ρ) + 2− c
ξ0
, (13)or if property (ii) holds, and we 
hoose

K ≥ c log ξ0
ǫρ , (14)then

P(ξK ≤ ǫ) ≥ 1− ρ. (15)8



Proof. Noti
e that the sequen
e {ξǫk}k≥0 de�ned by
ξǫk =

{

ξk if ξk ≥ ǫ,

0 otherwise,satis�es
ξǫk ≤ ǫ ⇔ ξk ≤ ǫ, k ≥ 0. (16)Therefore, by Markov inequality,
P(ξk > ǫ) = P(ξǫk > ǫ) ≤

E[ξǫ
k
]

ǫ ,and hen
e it su�
es to show that
θK ≤ ǫρ, (17)where θk

def
= E[ξǫk]. If property (i) holds, then

E[ξǫk+1 | ξ
ǫ
k] ≤ ξǫk −

(ξǫ
k
)2

c , E[ξǫk+1 | ξ
ǫ
k] ≤ (1− ǫ

c)ξ
ǫ
k, k ≥ 0, (18)and by taking expe
tations (using 
onvexity of t 7→ t2 in the �rst 
ase) we obtain

θk+1 ≤ θk −
θ2
k

c , k ≥ 0, (19)
θk+1 ≤ (1− ǫ

c)θk, k ≥ 0. (20)Noti
e that (19) is better than (20) pre
isely when θk > ǫ. Sin
e
1

θk+1
− 1

θk
=

θk−θk+1

θk+1θk
≥

θk−θk+1

θ2
k

(19)
≥ 1

c ,we have 1
θk

≥ 1
θ0

+ k
c = 1

ξ0
+ k

c . Therefore, if we let k1 ≥ c
ǫ −

c
ξ0
, we obtain θk1 ≤ ǫ. Finally, letting

k2 ≥
c
ǫ log

1
ρ , we have

θK
(13)
≤ θk1+k2

(20)
≤ (1− ǫ

c)
k2θk1 ≤ ((1− ǫ

c)
1
ǫ )

c log
1
ρ ǫ ≤ (e−

1
c )

c log
1
ρ ǫ = ǫρ,establishing (17). If property (ii) holds, then E[ξǫk+1 | ξ

ǫ
k] ≤ (1− 1

c )ξ
ǫ
k for all k, and hen
e

θK ≤ (1− 1
c )

Kθ0 = (1− 1
c )

Kξ0
(14)
≤ ((1− 1

c )
c)

log
ξ0
ǫρ ξ0 ≤ (e−1)

log
ξ0
ǫρ ξ0 = ǫρ,again establishing (17).Restarting. Note that similar, albeit slightly weaker, high probability results 
an be a
hieved byrestarting as follows. We run the random pro
ess {ξk} repeatedly r = ⌈log 1

ρ⌉ times, always startingfrom ξ0, ea
h time for the same number of iterations k1 for whi
h P(ξk1 > ǫ) ≤ 1
e . It then followsthat the probability that all r values ξk1 will be larger than ǫ is at most (1e )r ≤ ρ. Note that therestarting te
hnique demands that we perform r evaluations of the obje
tive fun
tion; this is notneeded in the one-shot approa
h 
overed by the theorem.9



It remains to estimate k1 in the two 
ases of Theorem 1. We argue that in 
ase (i) we 
an 
hoose
k1 = ⌈ c

ǫ/e −
c
ξ0
⌉. Indeed, using similar arguments as in Theorem 1 this leads to E[ξk1 ] ≤

ǫ
e , whi
hby Markov inequality implies that in a single run of the pro
ess we have

P(ξk1 > ǫ) ≤
E[ξk1 ]

ǫ ≤ ǫ/e
ǫ = 1

e .Therefore,
K = ⌈ecǫ − c

ξ0
⌉⌈log 1

ρ⌉iterations su�
e in 
ase (i). A similar restarting te
hnique 
an be applied in 
ase (ii).Tightness. It 
an be shown on simple examples that the bounds in the above result are tight.3 Coordinate Des
ent for Composite Fun
tionsIn this se
tion we study the performan
e of Algorithm 1 in the spe
ial 
ase when all probabilitiesare 
hosen to be the same, i.e., pi = 1
n for all i. For easier future referen
e we set this method apartand give it a name (Algorithm 2).Algorithm 2 UCDC(x0) (Uniform Coordinate Des
ent for Composite Fun
tions)for k = 0, 1, 2, . . . doChoose ik = i ∈ {1, 2, . . . , n} with probability 1

n

T (i)(xk) = argmin{Vi(xk, t) : t ∈ Ri}
xk+1 = xk + UiT

(i)(xk)end forThe following fun
tion plays a 
entral role in our analysis:
H(x, T )

def
= f(x) + 〈∇f(x), T 〉+ 1

2‖T‖
2
L +Ψ(x+ T ). (21)Comparing (21) with (9) using (2), (5), (7) and (11) we get

H(x, T ) = f(x) +

n
∑

i=1

Vi(x, T
(i)). (22)Therefore, the ve
tor T (x) = (T (1)(x), . . . , T (n)(x)), with the 
omponents T (i)(x) de�ned in Algo-rithm 1, is the minimizer of H(x, ·):

T (x) = arg min
T∈RN

H(x, T ). (23)Let us start by establishing an auxiliary result whi
h will be used repeatedly.Lemma 2. Let {xk}, k ≥ 0, be the random iterates generated by UCDC(x0). Then
E[F (xk+1)− F ∗ | xk] ≤

1
n (H(xk, T (xk))− F ∗) + n−1

n (F (xk)− F ∗). (24)10



Proof.
E[F (xk+1) | xk] =

n
∑

i=1

1
nF (xk + UiT

(i)(xk))(8)
≤ 1

n

n
∑

i=1

[f(xk) + Vi(xk, T
(i)(xk)) + Ci(xk)](22)

= 1
nH(xk, T (xk)) +

n−1
n f(xk) +

1
n

n
∑

i=1

Ci(xk)(10)
= 1

nH(xk, T (xk)) +
n−1
n f(xk) +

1
n

n
∑

i=1

∑

j 6=i

Ψj(x
(j)
k )

= 1
nH(xk, T (xk)) +

n−1
n F (xk).3.1 Convex Obje
tiveIn order for Lemma 2 to be useful, we need to estimate H(xk, T (xk))− F ∗ from above in terms of

F (xk)− F ∗.Lemma 3. Fix x∗ ∈ X∗, x ∈ domΨ and let R = ‖x− x∗‖L. Then
H(x, T (x)) − F ∗ ≤

{

(

1− F (x)−F ∗

2R2

)

(F (x) − F ∗), if F (x)− F ∗ ≤ R2,

1
2R

2 < 1
2 (F (x)− F ∗), otherwise. (25)Proof.

H(x, T (x))
(23)
= min

T∈RN
H(x, T )

= min
y∈RN

H(x, y − x)(21)
≤ min

y∈RN
f(x) + 〈∇f(x), y − x〉+Ψ(y) + 1

2‖y − x‖2L

≤ min
y∈RN

F (y) + 1
2‖y − x‖2L

≤ min
α∈[0,1]

F (αx∗ + (1− α)x) + α2

2 ‖x− x∗‖2L

≤ min
α∈[0,1]

F (x)− α(F (x) − F ∗) + α2

2 R2. (26)Minimizing (26) in α gives α∗ = min
{

1, (F (x) − F ∗)/R2
}; the result follows.We are now ready to estimate the number of iterations needed to push the obje
tive value within

ǫ of the optimal value with high probability. Note that sin
e ρ appears under the logarithm andhen
e it is easy to attain high 
on�den
e.Theorem 4. Choose initial point x0 and target 
on�den
e 0 < ρ < 1. Further, let the targeta

ura
y ǫ > 0 and iteration 
ounter k be 
hosen in any of the following two ways:11



(i) ǫ < F (x0)− F ∗ and
k ≥

2nmax{R2
L
(x0),F (x0)−F ∗}
ǫ

(

1 + log 1
ρ

)

+ 2−
2nmax{R2

L
(x0),F (x0)−F ∗}

F (x0)−F ∗ , (27)(ii) ǫ < min{R2
L(x0), F (x0)− F ∗} and

k ≥
2nR2

L(x0)
ǫ log F (x0)−F ∗

ǫρ . (28)If xk is the random point generated by UCDC(x0) as applied to the 
onvex fun
tion F , then
P(F (xk)− F ∗ ≤ ǫ) ≥ 1− ρ.Proof. Sin
e F (xk) ≤ F (x0) for all k, we have ‖xk − x∗‖L ≤ RL(x0) for all x∗ ∈ X∗. Lemma 2together with Lemma 3 then imply that the following holds for all k:

E[F (xk+1)− F ∗ | xk] ≤ 1
n max

{

1− F (xk)−F ∗

2‖xk−x∗‖2
L

, 12

}

(F (xk)− F ∗) + n−1
n (F (xk)− F ∗)

= max
{

1− F (xk)−F ∗

2n‖xk−x∗‖2
L

, 1− 1
2n

}

(F (xk)− F ∗)

≤ max
{

1− F (xk)−F ∗

2nR2
L
(x0)

, 1− 1
2n

}

(F (xk)− F ∗). (29)Let ξk = F (xk) − F ∗ and 
onsider 
ase (i). If we let c = 2nmax{R2
L(x0), F (x0) − F ∗}, then from(29) we obtain

E[ξk+1 | ξk] ≤ (1− ξk
c )ξk = ξk −

ξ2
k

c , k ≥ 0.Moreover, ǫ < ξ0 < c. The result then follows by applying Theorem 1. Consider now 
ase (ii).Letting c =
2nR2

L
(x0)

ǫ > 1, noti
e that if ξk ≥ ǫ, inequality (29) implies that
E[ξk+1 | ξk] ≤ max

{

1− ǫ
2nR2

L
(x0)

, 1− 1
2n

}

ξk = (1− 1
c )ξk.Again, the result follows from Theorem 1.3.2 Strongly Convex Obje
tiveAssume that F is strongly 
onvex with respe
t to some norm ‖ · ‖ with 
onvexity parameter µ > 0;that is,

F (x) ≥ F (y) + 〈F ′(y), x− y〉+ µ
2 ‖x− y‖2, x, y ∈ domF, (30)where F ′(y) is any subgradient of F at y. Note that from the �rst order optimality 
onditions for(1) we obtain 〈F ′(x∗), x− x∗〉 ≥ 0 for all x ∈ domF whi
h, 
ombining with (30) used with y = x∗,yields the standard inequality

F (x)− F ∗ ≥ µ
2‖x− x∗‖2, x ∈ domF. (31)The next lemma will be useful in proving linear 
onvergen
e of the expe
ted value of the obje
tivefun
tion to the minimum. 12



Lemma 5. If F is strongly 
onvex with respe
t to ‖ · ‖L with 
onvexity parameter µ > 0, then
H(x, T (x)) − F ∗ ≤ γµ(F (x)− F ∗), x ∈ domF, (32)where

γµ =

{

1− µ
4 , if µ ≤ 2,

1
µ , otherwise. (33)Proof.

H(x, T (x))
(23)
= min

t∈RN
H(x, t)

= min
y∈RN

H(x, y − x)

≤ min
y∈RN

F (y) + 1
2‖y − x‖2L

≤ min
α∈[0,1]

F (αx∗ + (1− α)x) + α2

2 ‖x− x∗‖2L

≤ min
α∈[0,1]

F (x)− α(F (x) − F ∗) + α2

2 ‖x− x∗‖2L(31)
≤ min

α∈[0,1]
F (x) + α

(

α
µ − 1

)

(F (x)− F ∗). (34)The optimal α in (34) is α∗ = min
{

1, µ2
}; the result follows.We now show that the expe
ted value of F (xk) 
onverges to F ∗ linearly.Theorem 6. Let F be strongly 
onvex with respe
t to the norm ‖ · ‖L with 
onvexity parameter

µ > 0. If xk is the random point generated UCDC(x0), then
E[F (xk)− F ∗] ≤

(

1−
1−γµ
n

)k
(F (x0)− F ∗), (35)where γµ is de�ned by (33).Proof. Follows from Lemma 2 and Lemma 5.The following is an analogue of Theorem 4 in the 
ase of a strongly 
onvex obje
tive. Note thatboth the a

ura
y and 
on�den
e parameters appear under the logarithm.Theorem 7. Let F be strongly 
onvex with respe
t to ‖ · ‖L with 
onvexity parameter µ > 0 and
hoose a

ura
y level ǫ > 0, 
on�den
e level 0 < ρ < 1, and

k ≥ n
1−γµ

log
(

F (x0)−F ∗

ρǫ

)

, (36)where γµ is given by (33). If xk is the random point generated by UCDC(x0), then
P(F (xk)− F ∗ ≤ ǫ) ≥ 1− ρ.Proof. Using Markov inequality and Theorem 6, we obtain

P[F (xk)− F ∗ ≥ ǫ] ≤ 1
ǫE[F (xk)− F ∗]

(35)
≤ 1

ǫ

(

1−
1−γµ
n

)k
(F (x0)− F ∗)

(36)
≤ ρ.13



3.3 A Regularization Te
hniqueIn this part we will investigate an alternative approa
h to establishing an iteration 
omplexity resultin the 
ase of an obje
tive fun
tion that is not strongly 
onvex. The strategy is very simple. We �rstregularize the obje
tive fun
tion by adding a small quadrati
 term to it, thus making it strongly
onvex, and then argue that when Algorithm 2 is applied to the regularized obje
tive, we 
an re
overan approximate solution of the original non-regularized problem.The result obtained in this way is slightly di�erent to the one 
overed by Theorem 4 in that
2nR2

L(x0) is repla
ed by 4n‖x0 − x∗‖2L. In some situations, ‖x0 − x∗‖2L 
an be signi�
antly smallerthan R2
L(x0). However, let us remark that the regularizing term depends on quantities that are notknown in advan
e.Fix x0 and ǫ > 0 and 
onsider a regularized version of the obje
tive fun
tion de�ned by

Fµ(x)
def
= F (x) + µ

2‖x− x0‖
2
L, µ = ǫ

‖x0−x∗‖2
L

. (37)Clearly, Fµ is strongly 
onvex with respe
t to the norm ‖ · ‖L with 
onvexity parameter µ. In therest of this subse
tion we show that if we apply UCDC(x0) to Fµ with target a

ura
y ǫ
2 , then withhigh probability we re
over an ǫ-approximate solution of (1). We �rst need to establish that anapproximate minimizer of Fµ must be an approximate minimizer of F .Lemma 8. If x′ satis�es Fµ(x

′) ≤ minx∈RN Fµ(x) +
ǫ
2 , then F (x′) ≤ F ∗ + ǫ.Proof. Clearly,

F (x) ≤ Fµ(x), x ∈ R
N . (38)If we let x∗µ def

= argminx∈RN Fµ(x), then by assumption,
Fµ(x

′)− Fµ(x
∗
µ) ≤

ǫ
2 , (39)and

Fµ(x
∗
µ) = min

x∈RN
F (x) + µ

2‖x− x0‖
2
L ≤ F (x∗) + µ

2‖x
∗ − x0‖

2
L

(37)
≤ F (x∗) + ǫ

2 . (40)Putting all these observations together, we get
0 ≤ F (x′)− F (x∗)

(38)
≤ Fµ(x

′)− F (x∗)
(39)
≤ Fµ(x

∗
µ) +

ǫ
2 − F (x∗)

(40)
≤ ǫ.The following theorem is an analogue of Theorem 4.Theorem 9. Choose initial point x0, target a

ura
y

0 < ǫ ≤ 2‖x0 − x∗‖2L, (41)target 
on�den
e level 0 < ρ < 1, and
k ≥

4n‖x0−x∗‖2L
ǫ log

(

2(F (x0)−F ∗)
ρǫ

)

. (42)If xk is the random point generated by UCDC(x0) as applied to Fµ, then
P(F (xk)− F ∗ ≤ ǫ) ≥ 1− ρ.14



Proof. Let us apply Theorem 7 to the problem of minimizing Fµ, 
omposed as f+Ψµ, with Ψµ(x) =
Ψ(x) + µ

2 ‖x− x0‖
2
L. Note that

Fµ(x0)− Fµ(x
∗
µ)

(37)
= F (x0)− Fµ(x

∗
µ)

(38)
≤ F (x0)− F (x∗µ) ≤ F (x0)− F ∗, (43)and

n
1−γµ

(33),(37),(41)
=

4n‖x0−x∗‖2
L

ǫ . (44)Comparing (36) and (42) in view of (43) and (44), Theorem 7 implies that
P(Fµ(xk)− Fµ(x

∗
µ) ≤

ǫ
2) ≥ 1− ρ.It now su�
es to apply Lemma 8.4 Coordinate Des
ent for Smooth Fun
tionsIn this se
tion we give a mu
h simpli�ed and improved treatment of the smooth 
ase (Ψ ≡ 0) as
ompared to the analysis in Se
tions 2 and 3 of [13℄.As alluded to in the above, we will develop the analysis in the smooth 
ase for arbitrary, possiblynon-Eu
lidean, norms ‖ · ‖(i), i = 1, 2, . . . , n. Let ‖ · ‖ be an arbitrary norm in R

l. Then its dual isde�ned in the usual way:
‖s‖∗ = max

‖t‖=1
〈s, t〉.The following (Lemma 10) is a simple result whi
h is used in [13℄ without being fully arti
ulatednor proved as it 
onstitutes a straightforward extension of a fa
t that is trivial in the Eu
lideansetting to the 
ase of general norms. Sin
e we think it is perhaps not standard, we believe it deservesto be spelled out expli
itly. The lemma has the following use. The main problem whi
h needs to besolved at ea
h iteration of Algorithm 1 in the smooth 
ase is of the form (45), with s = − 1

Li
∇if(xk)and ‖ · ‖ = ‖ · ‖(i). Sin
e ‖ · ‖ is non-Eu
lidean, we 
annot write down the solution of (45) in a
losed form a-priori, for all norms. Nevertheless, we 
an say something about the solution, whi
hturns out to be enough for our subsequent analysis.Lemma 10. If by s# we denote an optimal solution of the problem

min
t

{

u(s)
def
= −〈s, t〉+ 1

2‖t‖
2
}

, (45)then
u(s#) = −1

2 (‖s‖
∗)2 , ‖s#‖ = ‖s‖∗, (αs)# = α(s#), α ∈ R. (46)Proof. For α = 0 the last statement is trivial. If we �x α 6= 0, then 
learly

u((αs)#) = min
‖t‖=1

min
β

{−〈αs, βt〉 + 1
2‖βt‖

2}.For �xed t the solution of the inner problem is β = 〈αs, t〉, when
e
u((αs)#) = min

‖t‖=1
−1

2〈αs, t〉
2 = −1

2α
2

(

max
‖t‖=1

〈s, t〉

)2

= −1
2(‖αs‖

∗)2, (47)15



proving the �rst 
laim. Next, note that optimal t = t∗ in (47) maximizes 〈s, t〉 over ‖t‖ = 1 andhen
e 〈s, t∗〉 = ‖s‖∗, whi
h implies that
‖(αs)#‖ = |β∗| = |〈αs, t∗〉| = |α||〈s, t∗〉| = |α|‖s‖∗ = ‖αs‖∗,giving the se
ond 
laim. Finally, sin
e t∗ depends on s only, we have (αs)# = β∗t∗ = 〈αs, t∗〉t∗ and,in parti
ular, s# = 〈s, t∗〉t∗. Therefore, (αs)# = α(s#).We 
an use Lemma 10 to rewrite the main step of Algorithm 1 in the smooth 
ase into the moreexpli
it form,

T (i)(x) = arg min
t∈Ri

Vi(x, t)
(9)
= arg min

t∈Ri

〈∇if(x), t〉+
Li

2 ‖t‖
2
(i)(45)

=
(

−∇if(x)
Li

)# (46)
= − 1

Li
(∇if(x))

#,leading to Algorithm 3.Algorithm 3 RCDS(p, x0) (Randomized Coordinate Des
ent for Smooth Fun
tions)for k = 0, 1, 2, . . . doChoose ik = i ∈ {1, 2, . . . , n} with probability pi
xk+1 = xk −

1
Li
Ui(∇if(xk))

#end forThe main utility of Lemma 10 for the purpose of the subsequent 
omplexity analysis 
omes fromthe fa
t that it enables us to give an expli
it bound on the de
rease in the obje
tive fun
tion duringone iteration of the method in the same form as in the Eu
lidean 
ase:
f(x)− f(x+ UiT

(i)(x))
(6)
≥ −[〈∇if(x), T

(i)(x)〉 + Li

2 ‖T
(i)(x)‖2(i)]

= −Liu((−
∇if(x)

Li
)#) (48)(46)

= Li

2 (‖ −
∇if(x)

Li
‖∗(i))

2 = 1
2Li

(‖∇if(x)‖
∗
(i))

2.4.1 Convex Obje
tiveWe are now ready to state the main result of this se
tion.Theorem 11. Choose initial point x0, target a

ura
y 0 < ǫ < min{f(x0)−f∗, 2R2
LP−1(x0)}, target
on�den
e 0 < ρ < 1 and

k ≥
2R2

LP−1 (x0)

ǫ

(

1 + log 1
ρ

)

+ 2−
2R2

LP−1 (x0)

f(x0)−f∗ , (49)or
k ≥

2R2
LP−1 (x0)

ǫ

(

1 + log 1
ρ

)

− 2. (50)If xk is the random point generated by RCDS(p, x0) as applied to 
onvex f , then
P(f(xk)− f∗ ≤ ǫ) ≥ 1− ρ.16



Proof. Let us �rst estimate the expe
ted de
rease of the obje
tive fun
tion during one iteration ofthe method:
f(xk)−E[f(xk+1) | xk] =

n
∑

i=1

pi[f(xk)− f(xk + UiT
(i)(xk))](48)

≥ 1
2

n
∑

i=1

pi
1
Li
(‖∇if(xk)‖

∗
(i))

2 = 1
2(‖∇f(xk)‖

∗
W )2,where W = LP−1. Sin
e f(xk) ≤ f(x0) for all k and be
ause f is 
onvex, we get f(xk) − f∗ ≤

maxx∗∈X∗〈∇f(xk), xk − x∗〉 ≤ ‖∇f(xk)‖
∗
WRW (x0), when
e

f(xk)−E[f(xk+1) | xk] ≥
1
2

(

f(xk)−f∗

RW (x0)

)2
.By rearranging the terms we obtain

E[f(xk+1)− f∗ | xk] ≤ f(xk)− f∗ − (f(xk)−f∗)2

2R2
W

(x0)
.If we now use Theorem 1 with ξk = f(xk)− f∗ and c = 2R2

W (x0), we obtain the result for k givenby (49). We now 
laim that 2− c
ξ0

≤ −2, from whi
h it follows that the result holds for k given by(50). Indeed, �rst noti
e that this inequality is equivalent to
f(x0)− f∗ ≤ 1

2R
2
W (x0). (51)Now, a straightforward extension of Lemma 2 in [13℄ to general weights states that ∇f is Lips
hitzwith respe
t to the norm ‖ · ‖V with the 
onstant tr(LV −1). This, in turn, implies the inequality

f(x)− f∗ ≤ 1
2 tr(LV

−1)‖x− x∗‖2V ,from whi
h (51) follows by setting V = W and x = x0.4.2 Strongly Convex Obje
tiveAssume now that f is strongly 
onvex with respe
t to the norm ‖ · ‖LP−1 (see de�nition (30)) with
onvexity parameter µ > 0. Using (30) with x = x∗ and y = xk, we obtain
f∗ − f(xk) ≥ 〈∇f(xk), h〉+

µ
2 ‖h‖LP−1 = µ

(

〈 1µ∇f(xk), h〉 +
1
2‖h‖LP−1

)

,where h = x∗ − xk. Applying Lemma 10 to estimate the right hand side of the above inequalityfrom below we obtain
f∗ − f(xk) ≥ − 1

2µ(‖∇f(xk)‖
∗
LP−1)

2. (52)Let us now write down an e�
ien
y estimate for the 
ase of a strongly 
onvex obje
tive.Theorem 12. Choose initial point x0, target a

ura
y 0 < ǫ < f(x0) − f∗, target 
on�den
e
0 < ρ < 1 and

k ≥ 1
µ log f(x0)−f∗

ǫρ . (53)If xk is the random point generated by RCDS(p, x0) as applied to f , then
P(f(xk)− f∗ ≤ ǫ) ≥ 1− ρ.17



Proof. Let us �rst estimate the expe
ted de
rease of the obje
tive fun
tion during one iteration ofthe method:
f(xk)−E[f(xk+1) | xk] =

n
∑

i=1

pi[f(xk)− f(xk + UiT
(i)(xk))](48)

≥ 1
2

n
∑

i=1

pi
1
Li
(‖∇if(xk)‖

∗
(i))

2

= 1
2 (‖∇f(xk)‖

∗
LP−1)

2(52)
≥ µ(f(xk)− f∗).After rearranging the terms we obtain E[f(xk+1)− f∗ | xk] ≤ (1− µ)E[f(xk)− f∗]. If we now usepart (ii) of Theorem 1 with ξk = f(xk)− f∗ and c = 1

µ , we obtain the result.5 Comparison of CD Methods with Complexity GuaranteesIn this se
tion we 
ompare the results obtained in this paper with existing CD methods endowedwith iteration 
omplexity bounds.5.1 Smooth 
ase (Ψ = 0)In Table 2 we look at the results for un
onstrained smooth minimization of Nesterov [13℄ and
ontrast these with our approa
h. For brevity we only in
lude results for the non-strongly 
onvex
ase. Algorithm Ψ pi Norms Complexity Obje
tiveNesterov [13℄(Theorem 4) 0 Li∑
i
Li

Eu
lidean (2n+
8

Li∑
i
Li

R2

I
(x0)

ǫ
) log 4(f(x0)−f∗)

ǫρ
f(x) +

ǫ‖x−x0‖
2

I

8R2

I
(x0)Nesterov [13℄(Theorem 3) 0 1

n
Eu
lidean 8nR2

L
(x0)

ǫ
log 4(f(x0)−f∗)

ǫρ
f(x) +

ǫ‖x−x0‖
2

L

8R2

L
(x0)Algorithm 3(Theorem 11) 0 > 0 general 2R2

LP−1
(x0)

ǫ
(1 + log 1

ρ
)− 2 f(x)Algorithm 2(Theorem 4) separable 1

n
Eu
lidean 2nmax{R2

L
(x0),F (x0)−F∗}

ǫ
(1 + log 1

ρ
)

2nR2

L
(x0)

ǫ
log F (x0)−F∗

ǫρ

F (x)Table 2: Comparison of our results to the results in [13℄ in the non-strongly 
onvex 
ase. The
omplexity is for a
hieving P(F (xk)− F ∗ ≤ ǫ) ≥ 1− ρ.We will now 
omment on the 
ontents of Table 2 in detail.
• Uniform probabilities. Note that in the uniform 
ase (pi = 1

n for all i) we have
R2

LP−1(x0) = nR2
L(x0),18



and hen
e the leading term (ignoring the logarithmi
 fa
tor) in the 
omplexity estimate ofTheorem 11 (line 3 of Table 2) 
oin
ides with the leading term in the 
omplexity estimate ofTheorem 4 (line 4 of Table 2; the se
ond result): in both 
ases it is
2nR2

L(x0)
ǫ .Note that the leading term of the 
omplexity estimate given in Theorem 3 of [13℄ (line 2 ofTable 2), whi
h 
overs the uniform 
ase, is worse by a fa
tor of 4.

• Probabilities proportional to Lips
hitz 
onstants. If we set pi = Li/S for all i, where
S =

∑

i Li, then
R2

LP−1(x0) = SR2
I(x0).In this 
ase Theorem 4 in [13℄ (line 1 of Table 2) gives the 
omplexity bound 2[n +

4SR2
I
(x0)

ǫ ](ignoring the logarithmi
 fa
tor), whereas we obtain the bound 2SR2
I
(x0)

ǫ (line 3 of Table 2), animprovement by a fa
tor of 4. Note that there is a further additive de
rease by the 
onstant
2n (and the additional 
onstant 2R2

LP−1 (x0)

f(x0)−f∗ − 2 if we look at the sharper bound (49)).
• General probabilities. Note that unlike the results in [13℄, whi
h 
over the 
hoi
e of twoprobability ve
tors only (lines 1 and 2 of Table 2)�uniform and proportional to Li�our result(line 3 of Table 2) 
overs the 
ase of arbitrary probability ve
tor p. This opens the possibilityfor �ne-tuning the 
hoi
e of p, in 
ertain situations, so as to minimize R2

LP−1(x0).
• Logarithmi
 fa
tor. Note that in our results we have managed to push ǫ out of the logarithm.
• Norms. Our results hold for general norms.
• No need for regularization. Our results hold for applying the algorithms to F dire
tly;i.e., there is no need to �rst regularize the fun
tion by adding a small quadrati
 term to it(in a similar fashion as we have done it in Se
tion 3.3). This is an essential feature as theregularization 
onstants are not known and hen
e the 
omplexity results obtained that wayare not true 
omplexity results.5.2 Nonsmooth 
ase (Ψ 6= 0)In Table 3 we summarize the main 
hara
teristi
s of known 
omplexity results for 
oordinate (orblo
k 
oordinate) des
ent methods for minimizing 
omposite fun
tions.Note that the methods of Saha & Tewari and S
hwarz & Tewari 
over the ℓ1 regularized 
aseonly, whereas the other methods 
over the general blo
k-separable 
ase. However, while the greedyapproa
h of Yun & Tseng requires per-iteration work whi
h grows with in
reasing problem dimen-sion, our randomized strategy 
an be implemented 
heaply. This gives an important advantage torandomized methods for problems of large enough size.The methods of Yun & Tseng and Saha & Tewari use one Lips
hitz 
onstant only, the Lips
hitz
onstant L(∇f) of the gradient of f . Note that if n is large, this 
onstant is typi
ally mu
h largerthan the (blo
k) 
oordinate 
onstants Li. S
hwarz & Tewari use 
oordinate Lips
hitz 
onstants,but assume that all of them are the same. This is suboptimal as in many appli
ations the 
onstants

{Li} will have a large variation and hen
e if one 
hooses β = maxi Li for the 
ommon Lips
hitz
onstant, steplengths will ne
essarily be small (see Figure 2 in Se
tion 6).19



Algorithm Lips
hitz
onstant(s) Ψ blo
k Choi
e of
oordinate Work per1 iterationYun & Tseng[22℄ L(∇f) separable Yes greedy expensiveSaha & Tewari[16℄ L(∇f) ‖ · ‖1 No 
y
li
 
heapShwartz & Tewari[17℄ β = maxi Li ‖ · ‖1 No 1
n


heapThis paper(Algorithm 2) Li separable Yes 1
n


heapTable 3: Comparison of CD approa
hes for minimizing 
omposite fun
tions (for whi
h iteration
omplexity results are provided).Let us now 
ompare the impa
t of the Lips
hitz 
onstants on the 
omplexity estimates. Forsimpli
ity assume N = n and let u = x∗ − x0. The estimates are listed in Table 4; it is 
lear fromthe last 
olumn that the the approa
h with individual 
onstants Li for ea
h 
oordinate gives thebest 
omplexity. Algorithm 
omplexity 
omplexity (expanded)Yun & Tseng[22℄ O(
nL(∇f)‖x∗−x0‖

2

2

ǫ
) O(n

ǫ

∑

i
L(∇f)(u(i))2)Saha & Tewari[16℄ O(

nL(∇f)‖x∗−x0‖
2

2

ǫ
) O(n

ǫ

∑

i
L(∇f)(u(i))2)Shwartz & Tewari[17℄ O(

nβ‖x∗−x0‖
2

2

ǫ
) O(n

ǫ

∑

i
(maxi Li)(u

(i))2)This paper(Algorithm 2) O(
n‖x∗−x0‖

2

L

ǫ
) O(n

ǫ

∑

i
Li(u

(i))2)Table 4: Comparison of iteration 
omplexities of the methods listed in Table 3. The 
omplexity inthe 
ase of the randomized methods gives iteration 
ounter k for whi
h E(F (xk) ≤ ǫ)6 Numeri
al ExperimentsIn this se
tion we study the numeri
al behavior of RCDC on syntheti
 and real problem instan
esof two problem 
lasses: Sparse Regression / Lasso (Se
tion 6.1) [19℄ and Linear Support Ve
torMa
hines (Se
tion 6.2). Due to spa
e limitations we will devote a separate report to the study ofthe (Sparse) Group Lasso problem. 20



As an important 
on
ern in Se
tion 6.1 is to demonstrate that our methods s
ale well with size,all experiments were run on a PC with 480GB RAM. All algorithms were written in C.6.1 Sparse Regression / LassoConsider the problem
min
x∈Rn

1
2‖Ax− b‖22 + λ‖x‖1, (54)where A = [a1, . . . , an] ∈ R

m×n, b ∈ R
m, and λ ≥ 0. The parameter λ is used to indu
e sparsity inthe resulting solution. Note that (54) is of the form (1), with f(x) = 1

2‖Ax−b‖22 and Ψ(x) = λ‖x‖1.Moreover, if we let N = n and Ui = ei for all i, then the Lips
hitz 
onstants Li 
an be 
omputedexpli
itly:
Li = ‖ai‖

2
2.Computation of t = T (i)(x) redu
es to the �soft-thresholding� operator [28℄. In some of the exper-iments in this se
tion we will allow the probability ve
tor p to 
hange throughout the iterationseven though we do not give a theoreti
al justi�
ation for this. With this modi�
ation, a dire
tspe
ialization of RCDC to (54) takes the form of Algorithm 4. If uniform probabilities are usedthroughout, we refer to the method as UCDC.Algorithm 4 RCDC for Sparse RegressionChoose x0 ∈ R

n and set g0 = Ax0 − b = −bfor k = 0, 1, 2, . . . doChoose ik = i ∈ {1, 2, . . . , n} with probability p
(i)
k

α = aTi gk

t =















− α+λ
‖ai‖22

, if x(i)k − α+λ
‖ai‖22

> 0

− α−λ
‖ai‖22

, if x(i)k − α−λ
‖ai‖22

< 0

−x
(i)
k , otherwise

xk+1 = xk + tei, gk+1 = gk + taiend forInstan
e generatorIn order to be able to test Algorithm 4 under 
ontrolled 
onditions we use a (variant of the) instan
egenerator proposed in Se
tion 6 of [12℄ (the generator was presented for λ = 1 but 
an be easilyextended to any λ > 0). In it, one 
hooses the sparsity level of A and the optimal solution x∗; afterthat A, b, x∗ and F ∗ = F (x∗) are generated. For details we refer the reader to the aforementionedpaper.In what follows we use the notation ‖A‖0 and ‖x‖0 to denote the number of nonzero elementsof matrix A and of ve
tor x, respe
tively.Speed versus sparsityIn the �rst experiment we investigate, on problems of size m = 107 and n = 106, the dependen
eof the time it takes for UCDC to 
omplete a blo
k of n iterations (the measurements were done by21



running the method for 10×n iterations and then dividing by 10) on the sparsity levels of A and x∗.Looking at Table 5, we see that the speed of UCDC depends roughly linearly on the sparsity levelof A (and does not depend on ‖x∗‖0 at all). Indeed, as ‖A‖0 in
reases from 107 through 108 to 109,the time it takes for the method to 
omplete n iterations in
reases from about 0.9s through 4�6s toabout 46 se
onds. This is to be expe
ted sin
e the amount of work per iteration of the method inwhi
h 
oordinate i is 
hosen is proportional to ‖ai‖0 (
omputation of α, ‖ai‖22 and gk+1).
‖x∗‖0 ‖A‖0 = 107 ‖A‖0 = 108 ‖A‖0 = 109

16× 102 0.89 5.89 46.23
16× 103 0.85 5.83 46.07
16× 104 0.86 4.28 46.93Table 5: The time it takes for UCDC to 
omplete a blo
k of n iterations in
reases linearly with

‖A‖0 and does not depend on ‖x∗‖0.E�
ien
y on huge-s
ale problemsTables 6 and 7 present typi
al results of the performan
e of UCDC, started from x0 = 0, on syntheti
sparse regression instan
es of big/huge size. The instan
e in the �rst table is of size m = 2 × 107and n = 106, with A having 5× 107 nonzeros and the support of x∗ being of size 160, 000.
A ∈ R

2·107×106 , ‖A‖0 = 5 · 107

k/n F (xk)−F∗

F (x0)−F∗
‖xk‖0 time [se
℄0.0000 100 0 0.02.1180 10−1 880,056 5.64.6350 10−2 990,166 12.35.6250 10−3 996,121 15.17.9310 10−4 998,981 20.710.3920 10−5 997,394 27.412.1100 10−6 993,569 32.314.4640 10−7 977,260 38.318.0720 10−8 847,156 48.119.5190 10−9 701,449 51.721.4650 10−10 413,163 56.423.9150 10−11 210,624 63.125.1750 10−12 179,355 66.627.3820 10−13 163,048 72.429.9610 10−14 160,311 79.3

k/n F (xk)−F∗

F (x0)−F∗
‖xk‖0 time [se
℄30.9440 10−15 160,139 82.032.7480 10−16 160,021 86.634.1740 10−17 160,003 90.135.2550 10−18 160,000 93.036.5480 10−19 160,000 96.638.5210 10−20 160,000 101.439.9860 10−21 160,000 105.340.9770 10−22 160,000 108.143.1390 10−23 160,000 113.747.2780 10−24 160,000 124.847.2790 10−25 160,000 124.847.9580 10−26 160,000 126.449.5840 10−27 160,000 130.352.3130 10−28 160,000 136.853.4310 10−29 160,000 139.4Table 6: Performan
e of UCDC on a sparse regression instan
e with a million variables.In both tables the �rst 
olumn 
orresponds to the �full-pass� iteration 
ounter k/n. That is,after k = n 
oordinate iterations the value of this 
ounter is 1, re�e
ting a single �pass� throughthe 
oordinates. The remaining 
olumns 
orrespond to, respe
tively, the size of the 
urrent residual

F (xk)−F ∗ relative to the initial residual F (x0)−F ∗, size ‖xk‖0 of the support of the 
urrent iterate
xk, and time (in se
onds). A row is added whenever the residual initial residual is de
reased by anadditional fa
tor of 10.Let us �rst look at the smaller of the two problems (Table 6). After 35×n 
oordinate iterations,UCDC de
reases the initial residual by a fa
tor of 1018, and this takes about a minute and a half.22



A ∈ R
1010×109 , ‖A‖0 = 2× 1010

k/n F (xk)−F∗

F (x0)−F∗
‖xk‖0 time [hours℄0 100 0 0.001 10−1 14,923,993 1.433 10−2 22,688,665 4.2516 10−3 24,090,068 22.65Table 7: Performan
e of UCDC on a sparse regression instan
e with a billion variables and 20 billionnonzeros in matrix A.Note that the number of nonzeros of xk has stabilized at this point at 160, 000, the support sizeof the optima solution. The method has managed to identify the support. After 139.4 se
onds theresidual is de
reased by a fa
tor of 1029. This surprising 
onvergen
e speed 
an in part be explainedby the fa
t that for random instan
es with m > n, f will typi
ally be strongly 
onvex, in whi
h
ase UCDC 
onverges linearly (Theorem 7).UCDC has a very similar behavior on the larger problem as well (Table 7). Note that A has 20billion nonzeros. In 1×n iterations the initial residual is de
reased by a fa
tor of 10, and this takesless than an hour and a half. After less than a day, the residual is de
reased by a fa
tor of 1000.Note that it is very unusual for 
onvex optimization methods equipped with iteration 
omplexityguarantees to be able to solve problems of these sizes.Performan
e on fat matri
es (m < n)When m < n, then f is not strongly 
onvex and UCDC has the 
omplexity O(nǫ log

1
ρ) (Theorem 4).In Table 8 we illustrate the behavior of the method on su
h an instan
e; we have 
hosen m = 104,

n = 105, ‖A‖0 = 107 and ‖x∗‖0 = 1, 600. Note that after the �rst 5, 010 × n iterations UCDCde
reases the residual by a fa
tor of 10+ only; this takes less than 19 minutes. However, thede
rease from 102 to 10−3 is done in 15×n iterations and takes 3 se
onds only, suggesting very fastlo
al 
onvergen
e.
k/n F (xk)− F ∗ ‖xk‖0 time [s℄

1 > 107 63,106 0.21
5, 010 < 106 33,182 1,092.59

18, 286 < 105 17,073 3,811.67
21, 092 < 104 15,077 4,341.52
21, 416 < 103 11,469 4,402.77
21, 454 < 102 5,316 4,410.09
21, 459 < 101 1,856 4,411.04
21, 462 < 100 1,609 4,411.63
21, 465 < 10−1 1,600 4,412.21
21, 468 < 10−2 1,600 4,412.79
21, 471 < 10−3 1,600 4,413.38Table 8: UCDC needs many more iterations when m < n, but lo
al 
onvergen
e is still fast.

23



Comparing di�erent probability ve
torsNesterov [13℄ 
onsiders only probabilities proportional to a power of the Lips
hitz 
onstants:
pi =

Lα
i∑n

i=1 L
α
i
, 0 ≤ α ≤ 1. (55)In Figure 1 we 
ompare the behavior of RCDC, with the probability ve
tor 
hosen a

ording to thepower law (55), for three di�erent values of α (0, 0.5 and 1). All variants of RCDC were 
omparedon a single instan
e with m = 1, 000, n = 2, 000 and ‖x∗‖0 = 300 (di�erent instan
es produ
ed bythe generator yield similar results) and with λ ∈ {0, 1}. The plot on the left 
orresponds to λ = 0,the plot on the right to λ = 1.
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Figure 1: Development of F (xk) − F ∗ for sparse regression problem with λ = 0 (left) and λ = 1(right).Note that in both 
ases the 
hoi
e α = 1 is the best. In other words, 
oordinates with large Lihave a tenden
y to de
rease the obje
tive fun
tion the most. However, looking at the λ = 0 
ase, wesee that the method with α = 1 stalls after about 20,000 iterations. The reason for this is that nowthe 
oordinates with small Li should be 
hosen to further de
rease the obje
tive value. However,they are 
hosen with very small probability and hen
e the slowdown. A solution to this 
ould be tostart the method with α = 1 and then swit
h to α = 0 later on. On the problem with λ = 1 thise�e
t is less pronoun
ed. This is to be expe
ted as now the obje
tive fun
tion is a 
ombination of
f and Ψ, with Ψ exerting its in�uen
e and mitigating the e�e
t of the Lips
hitz 
onstants.Coordinate Des
ent vs. a Full-Gradient methodIn Figure 1 we 
ompare the performan
e of RCDC with the full gradient (FG) algorithm [12℄ (withthe Lips
hitz 
onstant LFG = λmax(ATA) > maxi Li) for four di�erent distributions of the Lips
hitz
onstants Li. Sin
e the work performed during one iteration of FG is 
omparable with the workperformed by UCDC during n 
oordinate iterations, for FG we multiply the iteration 
ount by n.In all four tests we solve instan
es with A ∈ R

2,000×1,000.In the 1-1 plot the Lips
hitz 
onstants Li were generated uniformly at random in the interval
(0, 1). We see that the RCDC variants with α = 0 and α = 0.2 exhibit virtually the same behavior,whereas α = 1 and FG struggle �nding a solution with error toleran
e below 10−5 and 10−2,respe
tively. The α = 1 method does start o� a bit faster, but then stalls due to the fa
t that24



the 
oordinates with small Lips
hitz 
onstants are 
hosen with extremely small probabilities. For amore a

urate solution one needs to be updating these 
oordinates as well.In order to zoom in on this phenomenon, in the 1-2 plot we 
onstru
t an instan
e with anextreme distribution of Lips
hitz 
onstants: 98% of the 
onstants have the value 10−6, whereas theremaining 2% have the value 103. Note that while the FG and α = 1 methods are able to qui
klyde
rease the obje
tive fun
tion within 10−4 of the optimum, they get stu
k afterwards sin
e theye�e
tively never update the 
oordinates with Li = 10−6. On the other hand, the α = 0 methodstarts o� slowly, but does not stop and manages to solve the problem eventually, in about 2× 105iterations.
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Figure 2: Comparison UCDC with di�erent 
hoi
es of α with a full-gradient method (whi
h es-sentially is UCDC with one 
omponent: n = 1) for four di�erent distributions of the Lips
hitz
onstants Li.In the plot in the 2-1 position (resp. 2-2 position) we 
hoose 70% (resp. 50%) of the Lips
hitz
onstants Li to be 1, and the remaining 30% (resp. 50%) equal to 100. Again, the α = 0 and
α = 0.2 methods give the best long-term performan
e.In summary, if fast 
onvergen
e to a solution with a moderate a

ura
y us needed, then α = 1is the best 
hoi
e (and is always better than FG). If one desires a solution of higher a

ura
y, it isre
ommended to swit
h to α = 0. In fa
t, it turns out that we 
an do mu
h better than this usinga �shrinking� heuristi
. 25



Speedup by shrinkingIt is well-known that in
reasing values of λ en
ourage in
reased sparsity in the solution of (54). Inthe experimental setup of this se
tion we observe that from 
ertain iteration onwards, the sparsitypattern of the iterates of RCDC is a very good predi
tor of the sparsity pattern of the optimalsolution x∗ the iterates 
onverge to. More spe
i�
ally, we often observe in numeri
al experimentsthat for large enough k the following holds:
(x

(i)
k = 0) ⇒ (∀l ≥ k x

(i)
l = (x∗)(i) = 0). (56)In words, for large enough k, zeros in xk typi
ally stay zeros in all subsequent iterates1 and 
orre-spond to zeros in x∗. Note that RCDC is not able to take advantage of this. Indeed, RCDC, aspresented in the theoreti
al se
tions of this paper, uses the �xed probability ve
tor p to randomlypi
k a single 
oordinate i to be updated in ea
h iteration. Hen
e, eventually, ∑

i:x
(i)
k

=0
pi proportionof time will be spent on va
uous updates.Looking at the data in Table 6 one 
an see that after approximately 35 × n iterations, xk hasthe same number of non-zeros as x∗ (160,000). What is not visible in the table is that, in fa
t,the relation (56) holds for this instan
e mu
h sooner. In Figure 3 we illustrate this phenomenon inmore detail on an instan
e with m = 500, n = 1, 000 and ‖x∗‖0 = 100.
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Figure 3: Development of non-zero elements in xk.First, note that the number of nonzeros (solid blue line) in the 
urrent iterate, #{i : x
(i)
k 6= 0},is �rst growing from zero (sin
e we start with x0 = 0) to just below n in about 0.6× 104 iterations.This value than starts to de
rease starting from about k ≈ 15n and rea
hes the optimal number ofnonzeros at iteration k ≈ 30n and stays there afterwards. Note that the number of 
orre
t nonzeros,

cnk = #{i : x
(i)
k 6= 0 & (x∗)(i) 6= 0},is in
reasing (for this parti
ular instan
e) and rea
hes the optimal level ‖x∗‖0 very qui
kly (ataround k ≈ 3n). An alternative, and perhaps a more natural, way to look at the same thing is viathe number of in
orre
t zeros,

izk = #{i : x
(i)
k = 0 & (x∗)(i) 6= 0}.1There are various theoreti
al results on the identi�
ation of a
tive manifolds explaining numeri
al observationsof this type; see [7℄ and the referen
es therein. See also [28℄.26



Indeed, we have cnk + izk = ‖x∗‖0. Note that for our problem izk ≈ 0 for k ≥ k0 ≈ 3n.The above dis
ussion suggests that an iterate-dependent poli
y for updating of the probabilityve
tors pk in Algorithm 4 might help to a

elerate the method. Let us now introdu
e a simple
q-shrinking strategy for adaptively 
hanging the probabilities as follows: at iteration k ≥ k0, where
k0 is large enough, set

p
(i)
k = p̂

(i)
k (q)

def
=

{

1−q
n , if x(i)k = 0,

1−q
n + q

‖xk‖0
, otherwise.This is equivalent to 
hoosing ik uniformly from the set {1, 2, . . . , n} with probability 1 − q anduniformly from the support set of xk with probability q. Clearly, di�erent variants of this 
an beimplemented, su
h as �xing a new probability ve
tor for k ≥ k0 (as opposed to 
hanging it forevery k) ; and some may be more e�e
tive and/or e�
ient than others in a parti
ular 
ontext. InFigure 4 we illustrate the e�e
tiveness of q-shrinking on an instan
e of size m = 500, n = 1, 000 with

‖x∗‖0 = 50. We apply to this problem a modi�ed version of RCDC started from the origin (x0 = 0)in whi
h uniform probabilities are used in iterations 0, . . . , k0 − 1, and q-shrinking is introdu
ed asof iteration k0:
p
(i)
k =

{

1
n , for k = 0, 1, . . . , k0 − 1,

p̂
(i)
k (q), for k ≥ k0.We have used k0 = 5× n.
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Figure 4: Comparison of di�erent shrinking strategies.Noti
e that as the number of nonzero elements of xk de
reases, the time savings from q-shrinkinggrow. Indeed, 0.9-shrinking introdu
es a saving of nearly 70% when 
ompared to 0-shrinking toobtain xk satisfying F (xk)−F ∗ ≤ 10−14. We have repeated this experiment with two modi�
ations:a) a random point was used as the initial iterate (s
aled so that ‖x0‖0 = n) and b) k0 = 0. The
orresponding plots are very similar to Figure 4 with the ex
eption that the lines in the se
ond plotstart from ‖x0‖0 = n.Choi
e of the initial pointLet us now investigate the question of the 
hoi
e of the initial iterate x0 for RCDC. Two 
hoi
esseem very natural: a) x0 = 0 (the minimizer of Ψ(x) = λ‖x‖1) and b) x0 = xLS (the minimizer of
f(x) = 1

2‖Ax − b‖22). Note that the 
omputation of xLS may be as 
omplex as the solution of the27



original problem. However, if available, xLS 
onstitutes a reasonable alternative to 0: intuitively,the former will be preferable to the latter whenever Ψ is dominated by f , i.e., when λ is small.In Figure 5 we 
ompare the performan
e of UCDC run on a single instan
e when started fromthese two starting points (the solid line 
orresponds to x0 = 0 whereas the dashed line 
orrespondsto x0 = xLS). The same instan
e is used here as in the q-shrinking experiments and λ = 1. Startingfrom xLS gives a 4× speedup for pushing residual F (xk)− F ∗ below 10−5.
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Figure 5: Starting from the least squares solution, if available, and if λ is small enough, 
an bebetter than starting from the origin.In Figure 6 we investigate the e�e
t of starting UCDC from a point on the line segment between
xLS (dashed red line) and 0 (solid blue line). We generate 50 su
h points x0, uniformly at random(thin green lines). The plot on the left 
orresponds to the 
hoi
e λ = 0.01, the plot on the right to
λ = 1. Note that x∗ = xLS for λ = 0 and x∗ = 0 when λ → ∞.
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Figure 6: There does not seem to be any advantage in starting UCDC from a point on the linesegment between xLS and the origin as opposed to starting it from the better of two endpoints.6.2 Linear Support Ve
tor Ma
hinesConsider the problem of training a linear 
lassi�er with training examples {(x1, y1), . . . , (xm, ym)},where xi are the feature ve
tors and yi ∈ {−1,+1} the 
orresponding labels (
lasses). This problem28



is usually 
ast as an optimization problem of the form (1),
min
w∈Rn

F (w) = f(w) + Ψ(w), (57)where
f(w) = γ

m
∑

i=1

L(w;xi, yi),

L is a nonnegative 
onvex loss fun
tion and Ψ(·) = ‖ · ‖1 for L1-regularized and Ψ(·) = ‖ · ‖2 forL2-regularized linear 
lassi�er. Some popular loss fun
tions are listed in Table 9. For more detailswe refer the read to [28℄ and the referen
es therein.
L(w;xi, yi) name property

max{0, 1 − yjw
Txj} L1-SVM loss (L1-SVM) C0 
ontinuous

max{0, 1 − yjw
Txj}

2 L2-SVM loss (L2-SVM) C1 
ontinuous
log(1 + e−yjw

Txj) logisti
 loss (LG) C2 
ontinuousTable 9: A list of a few popular loss fun
tions.Be
ause our setup requires f to be at least C1 
ontinuous, we will 
onsider the L2-SVM andLG loss fun
tions only. In the experiments below we 
onsider the L1 regularized setup.A few implementation remarksThe Lips
hitz 
onstants and 
oordinate derivatives of f for the L2-SVM and LG loss fun
tions arelisted in Table 10.Loss fun
tion Li ∇if(w)L2-SVM 2γ

m
∑

j=1

(yjx
(i)
j )2 −2γ ·

∑

j : −yjwTxj>−1

yjx
(i)
j (1− yjw

Txj)LG γ
4

m
∑

j=1

(yjx
(i)
j )2 −γ ·

m
∑

j=1

yjx
(i)
j

e−yjwTxj

1 + e−yjwTxjTable 10: Lips
hitz 
onstants and 
oordinate derivatives for SVM.For an e�
ient implementation of UCDC we need to be able to 
heaply update the partialderivatives after ea
h step of the method. If at step k 
oordinate i gets updated, via wk+1 = wk+tei,and we let r(j)k
def
= −yjw

Txj for j = 1, . . . ,m, then
r
(j)
k+1 = r

(j)
k − tyjx

(i)
j , j = 1, . . . ,m. (58)Let oi be the number of observations feature i appears in, i.e., oi = #{j : x

(i)
j 6= 0}. Then theupdate (58), and 
onsequently the update of the partial derivative (see Table 10), requires O(oi)operations. In parti
ular, in feature-sparse problems where 1

n

∑n
i=1 oi ≪ m, an average iteration ofUCDC will be very 
heap. 29



Small s
ale testWe perform only preliminary results on the dataset r
v1.binary2. This dataset has 47,236 featuresand 20,242 training and 677,399 testing instan
es. We train the 
lassi�er on 90% of training instan
es(18,217); the rest we used for 
ross-validation for the sele
tion of the parameter γ. In Table 11 welist 
ross-validation a

ura
y (CV-A) for various 
hoi
es of γ and testing a

ura
y (TA) on 677,399instan
es. The best 
onstant γ is 1 for both loss fun
tions in 
ross-validation.Loss fun
tion γ CV-A TA γ CV-A TAL2-SVM 0.0625 94.1% 93.2% 2 97.0% 95.6%0.1250 95.5% 94.5% 4 97.0% 95.4%0.2500 96.5% 95.4% 8 96.9% 95.1%0.5000 97.0% 95.8% 16 96.7% 95.0%1.0000 97.0% 95.8% 32 96.4% 94.9%LG 0.5000 0.0% 0.0% 8 40.7% 37.0%1.0000 96.4% 95.2% 16 37.7% 36.0%2.0000 43.2% 39.4% 32 37.6% 33.4%4.0000 39.3% 36.5% 64 36.9% 34.1%Table 11: Cross validation a

ura
y (CV-A) and testing a

ura
y (TA) for various 
hoi
es of γ.In Figure 7 we present dependen
e of TA on the number of iterations we run UCDC for (wemeasure this number in multiples of n). As you 
an observe, UCDC �nds good solution after 10×niterations, whi
h for this data means less then half a se
ond. Let us remark that we did not in
ludebias term or any s
aling of the data.
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Figure 7: Dependen
e of tested a

ura
y (TA) on the number of full passes through the 
oordinates.2http://www.
sie.ntu.edu.tw/~
jlin/libsvmtools/datasets/binary.html30



Large s
ale testWe have used the dataset kdd2010 (bridge to algebra)3, whi
h has 29,890,095 features and 19,264,097training and 748,401 testing instan
es. Training the 
lassi�er on the entire training set requiredapproximately 70 se
onds in the 
ase of L2-SVM loss and 112 se
onds in the 
ase of LG loss. Wehave run UCDC for n iterations.Referen
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